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Let A be the class of normalized analytic functions in the unit disk  and define
the class
  iP   f A  Re e 1  f z z  f  z    0, z  .Ž . Ž . Ž . Ž . 4Ž . 4
For a function f A we define the integral transform
f tzŽ .1
V f z   t dt ,Ž .Ž . Ž .H t0
1 Ž .where  is a real-valued, nonnegative weight function with H  t dt 1. For0
Ž . Ž .fP  we will find conditions such that V f is starlike and also such that 
Ž . Ž .V f P 	 . We also discuss how to write the integral transform as a convolu- 
tion with a F hypergeometric function.  2001 Academic Press2 1
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1. INTRODUCTION
Let A be the class of analytic functions in the unit disk  with the
Ž . Ž .normalization f 0  f  0  1 0. For f A we define the integral
transform
f tzŽ .1
1.1 V f z   t dt ,Ž . Ž . Ž . Ž .H t0
where  is a real-valued, nonnegative weight function normalized so that
1 Ž .H  t dt 1. For  1 and 0  1 we define the set0
  iP   f A  Re e 1  f z z  f  z    0, 4Ž . Ž . Ž . Ž .Ž .
z  .4
We shall mainly discuss the following problems.
Ž . Ž . Ž .1 For fP  , find conditions such that V f  S*, where S* 
denotes the usual class of starlike functions.
Ž . Ž . Ž . Ž .2 For fP  , find conditions such that V f P 	 .  
To deal with these problems we shall use the duality theory for convolu-
tions. Similar methods have earlier been used to discuss univalence and
Ž . Ž .starlikeness also of order 	 0 of V f in the case  1, e.g., in the
 	  	papers 4, 10, 12 . In 6 some aspects of the case  1 are discussed, using
Ž .other methods. Some special cases of  t are particularly interesting such
as
 t  1 c t c , c1,Ž . Ž .
for which V is known as the Bernardi operator, and

 
1c 1 1Ž .
c t  t log , c1, 

 0,Ž . ž / 
 tŽ .
 	which gives the Komatu operator 7 . We see that for 
 1 the Komatu
operator reduces to the Bernardi operator.
We can also look at some of these integral operators as taking the
convolution between the function f and a F hypergeometric function.2 1
Ž .We use the notation F a, b; c; z for the usual Gaussian hypergeometric2 1
function, and define the convolution operator
1.2 H f z  z F a, b; c ; z  f z ,Ž . Ž . Ž . Ž . Ž .a , b , c 2 1
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Ž .  nwhere f z Ý a z . We use the following basic facts about hypergeo-n1 n
Ž  	.metric functions see, e.g., 1 .
 a bŽ . Ž .n n n  F a, b; c ; z  z , z  1,Ž . Ý2 1 c n!Ž . nn0
 a nŽ .
a  ,Ž . n
 aŽ .
 x  yŽ . Ž .1 x1 y1B x , y  1 t t dt , x 0, y 0,Ž . Ž .H
 x yŽ .0
and
 a b  c  c a bŽ . Ž . Ž . Ž .n n  , c b 0 and c a b.Ý c n!  c a  c bŽ . Ž . Ž .nn0
Then we can write
 a bŽ . Ž .n n n1H f z  a zŽ . Ž . Ýa , b , c n1 c n!Ž . nn0
 c  a n  b nŽ . Ž . Ž .
n1 a zÝ n1 a  b  c n  n 1Ž . Ž . Ž . Ž .n0
 cŽ .

 a  b  c a b 1Ž . Ž . Ž .
  c a 1 aŽ . Ž .m mn1 a zÝ Ýn1 c a b 1 m!Ž . mn0 m0
1 cabmbn1 t 1 t dt .Ž .H
0
This expression can be written as
H f zŽ . Ž .a , b , c
 cŽ .

 a  b  c a b 1Ž . Ž . Ž .
1 cab c a, 1 ab2 t 1 t F ; 1 t f tz dt ,Ž . Ž .H 2 1 ž /c a b 10
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where we assume a 0, b 0 and c a b 1. This means that the
Ž . Ž .convolution 1.2 is an integral operator of the form 1.1 with
 cŽ .
b1 t  tŽ .
 a  b  c a b 1Ž . Ž . Ž .
cab c a, 1 a
 1 t F ; 1 t .Ž . 2 1 ž /c a b 1
Ž .Using the Euler integral representation c b 0
 cŽ . 1 acb1b1F a, b; c ; z  t 1 t 1 tz dtŽ . Ž . Ž .H2 1  b  c bŽ . Ž . 0
we see that with a 1 we get
 c f tzŽ . Ž .1 cb1b1H f z  t 1 t dt .Ž . Ž . Ž .H1, b , c  b  c b tŽ . Ž . 0
Ž  	.This integral operator is known as the CarlsonShaffer operator see 2 .
For the operator H , given a, b, c, and  in a certain range, we get thea, b, c
Ž .sharp value of  for problem 1 . However, it is likely that the range of a,
b, c, and  , for which the result holds, is larger than the one we have
 	obtained. Some related results for H are obtained in 11 .a, b, c
2. MAIN RESULTS
Ž .We start with functions from P  , where  may be any number in
 	 Ž .0, 1 . For now we will assume  0. With  t given we define
 sŽ .1
 t  ds.Ž . H 1st
Ž .Further we let g t be the solution of the initial value problem
d 2 t11
12.1 t 1 g t  , g 0  1.Ž . Ž . Ž .Ž .Ž . 2dt  1 tŽ .
Before we proceed to state our results we need some more information
Ž . Ž .about the function g . Solving 2.1 we see that g t can be expressed as 
2  11t1g t  t d 1.Ž . H 2 0 1 Ž .
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Then we get
2  11 2 1t 11g t  t d .Ž . H 2 2 2 0 1  t 1 tŽ . Ž .
For 0 t 1 we have
 11 1 t1t t 11d  d  ,H H2 2 2
0 01  1 t 1 tŽ . Ž . Ž .
 Ž . Ž . Ž .which implies that g t  0, so g t is strictly decreasing on 0, 1 . For 
Ž . 1 Ž .any weight function  t  0 with H  t dt 1 we therefore have0
1 Ž . Ž .H  t g t dt 1.0 
THEOREM 2.1. Define  1 by
 1
  t g t dt ,Ž . Ž .H 1  0
Ž . 1 Ž . Ž .and let fP  ,  0. Assume that lim t  t  0. Then V f t 0  
 S* if and only if
h tz 1Ž .1 112.2 Re t  t  dt
 0, z  ,Ž . Ž .H  2ž /tz0 1 tŽ .
where
 1z 1 zŽ .2
 2.3 h z  ,   1.Ž . Ž . 21 zŽ .
Theorem 2.1 is not very useful directly because in order to find out
Ž . Ž .whether V f  S* we have to check the condition 2.2 , and this is often
difficult. Therefore, to get some applicable results we will identify some
Ž .situations where 2.2 holds. The first result of this type is one where we
can compare an unknown situation to a known one with a condition that is
reasonably easy to check. We introduce the notation
h tz 1Ž .1 11L h  inf t  t Re  dtŽ . Ž .H  2 ž /tzz 0 1 tŽ .
and formulate the following result.
INTEGRAL TRANSFORMS 471
 	 Ž .THEOREM 2.2. Assume  is integrable on 0, 1 and positie on 0, 1 . If
 tŽ .
1log t
Ž . Ž . Ž .is decreasing on 0, 1 then for 12  1 we hae L h 
 0, where h z
Ž .is as in 2.3 .
The next results describe what we are able to prove about some of the
specific operators mentioned in the Introduction. The first result deals
with the Komatu operator.
Ž . Ž .THEOREM 2.3. Let 12  1 and g t be defined by 2.1 . Define
Ž .  c, 
 ,  by

 
1 c 1 1Ž . 1 c2.4  t log g t dt .Ž . Ž .H ž /1   
 tŽ . 0
Ž .Then for fP  and

 
1c 1 1Ž . 1 c12.5 F z  t log f tz dtŽ . Ž . Ž .Hc , 
 ž / 
 tŽ . 0
we hae F  S* for 1 c 1 1 and 

 1. The alue of  isc, 

sharp.
Ž .We now turn to the operator H f for which we obtain the followinga, b, c
result.
Ž . Ž .THEOREM 2.4. Let 12  1 and g t be defined by 2.1 . Define
Ž .  a, b, c,  by
  cŽ .
2.6 Ž .
1   b  c b  c a b 1Ž . Ž . Ž .
1 cab c a, 1 ab1 t 1 t F ; 1 t g t dt .Ž . Ž .H 2 1 ž /c a b 10
Ž .Then for fP  , 0 a 1, 0 b 1 , and c
 a b we hae
Ž .H f  S*. The alue of  is sharp.a, b, c
In the case a 1 we have the CarlsonShaffer operator which we
denote by
 cŽ . 1 cb1b2L f z  t 1 t f tz dt ,Ž . Ž . Ž . Ž .Hb , c  b  c bŽ . Ž . 0
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where 0 b c. We write the result for the CarlsonShaffer operator
explicitly.
Ž . Ž .COROLLARY 2.5. Let 12  1 and g t be defined by 2.1 . Define
Ž .  b, c,  by
  cŽ . 1 cb1b1 t 1 t g t dt .Ž . Ž .H 1   b  c bŽ . Ž . 0
Ž . Ž .Then for fP  , 0 b 1 , and c
 1 b we hae L f  S*. b, c
The alue of  is sharp.
Another question that might be asked is the following. Let 	 1 be
Ž . Ž .given. Find the smallest   	 such that if fP  we have
Ž . Ž .  	V f P 	 . We prove the following result, which holds for all  0, 1 . 
Ž .THEOREM 2.6. Let 	 1 and 0  1 be gien, and define   	
by
 1 1 	  1 	 tŽ . Ž .1
2.7   t dt .Ž . Ž .H1  1 t0
Ž . Ž . Ž .If fP  then V f P 	 . The alue of  is sharp.  
The last result we will present says something about the location of
Ž . Ž .f z z, given that fP  . Hence, in this result there is no integral
transform involved, except as a tool in the proof.
THEOREM 2.7. Let 	 1 and 0  1 be gien, and define 
Ž . 	 ,  by
 1 1 1 	  1 	 tŽ . Ž .1 Ž1 .2.8  t dt .Ž . H1   1 t0
Ž .If fP  then for some  we hae
f zŽ .
iRe e  	  0, z  .ž /z
The alue of  is sharp.
3. SOME EXAMPLES
In this section we shall look at some examples where we see how our
results improve earlier results. It should be said that in some of the
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examples the results are not directly comparable, because the previous
results deal mostly with the classes
R   f A Re 1  f z z  f  z    0, z  4 4Ž . Ž . Ž . Ž .
Ž .instead of the larger classes P  .
 	3.1. EXAMPLE. In 9 Ponnusamy investigated some problems that are
similar to those discussed in this paper. The notation is somewhat differ-




   .Ž . H 1 t0
Ž .If gR  , with
 1 12 2
   1Ž . Ž .Ž . Ž .
 , 
 12,
1 1 12 2
   1Ž . Ž .Ž . Ž .
Ž . 1 Ž .then G z  H g tz dtt S*. Here  0.0573 . . . is a number that can0
be computed through a rather involved algorithm which we will not repeat.
To compare, we use our Theorem 2.3 with c 0 and 
 1.
 	 Theorem 5 9 Theorem 2.3
4 log 2 3
12 0.0573  0.294 . . .
4 log 2 2
 log 2 12 1 2 log 2
1  0.3104 . . .  0.629 . . .
1 log 2 12 2 2 log 2
In the proof of Theorem 2.3 we see that the extremal function belongs
Ž .to R  , so the result is sharp also in this class.
Ž .3.2. EXAMPLE. As far as we know, the class R  was introduced by
 	 Ž .Chichra 3 , where it was proved that if fR 0 for some  with
Ž .Re
 0, then Re f z z 0 for z . Using Theorem 2.7 we see that
Ž .this result may be extended in the case  0. Indeed, for fR  with
i Ž . 0, we can conclude that for some  we have Re e f z z 0.
Explicitly, we get for  1 that the smallest possible value of  is
Ž . Ž .1 2 log 2  2 2 log 2 0.629 . . . and for  12 we get 
Ž . Ž .4 log 2 3  4 log 2 2 0.294 . . . . Here we see that the results are
not directly comparable, because we cannot actually conclude that
Ž .Re f z z 0 by our methods.
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 	3.3. EXAMPLE. In 8 Owa and Nunokawa improved Chichra’s result.
They showed that if
g zŽ .




Re  	 ,
z
Ž .Ž Ž . . Ž .where 	  1  2
   1 , and 
  is as in Example 3.2. Solv-
ing this equation for  we get
1 t1	 H dt0 1 t
3.1  .Ž . t12H dt0 1 t
The result of Owa and Nunokawa corresponds to our Theorem 2.7, but
Ž . Ž .also here with the difference that we work with P  instead of R  . 
Ž .Solving equation 2.8 with respect to  we get
Ž . Ž .1  1  	  1 	 t1 Ž1 .H t dt0 1 t
3.2  .Ž .
Ž . Ž .1  1  	  1 	 t1 Ž1 .H t dt 0 1 t
 Ž .If we do the change of variables t u in 3.2 we see, after a little
Ž . Ž .calculation, that the expressions 3.2 and 3.1 are equal. There is no
 	comment in 8 that their value of  is sharp. In the proof of Theorem 2.6
Ž .and Theorem 2.7 we see that the extremal function belongs to R  , and
Ž .it has real coefficients. Therefore, this function will satisfy Re g z z 	 ,
so the result of Owa and Nunokawa is actually sharp. Their proof is based




 t   t   
 log , 

 0,Ž . Ž . Ž .
 ž /t
Ž . Ž . Ž .Ž .  	the Komatu operator with c 0 and F z  V f z . In 6 it is shown
 

Ž .that if Re f  z   then
1
Re F z 






 1. Comparing with the results we get from Theorem 2.6 we get the
following table which for given 
 and 	 shows the values of  that we get
 	using Corollary 3.1 in 6 and our Theorem 2.6 respectively.
The case 	 0.
 	
 Corollary 3.1 6 Theorem 2.6
21 3 log 2 6 
1 1.172 . . . 1.816 . . .23 3 log 2 12 
1 5 log 2 2 3 3Ž .
2 1.607 . . . 4.078 . . .
5 5 log 2 4 3 3Ž .
The case 	 12.
 	
 Corollary 3.1 6 Theorem 2.6
24 6 log 2 9 
1 0.086 . . . 0.408 . . .26 6 log 2 12 
6 10 log 2 3 3 3Ž .
2 0.303 . . . 1.539 . . .
10 10 log 2 4 3 3Ž .
4. PROOFS
Ž .4.1. Proof of Theorem 2.1. Let fP  and define
Ž .f z1    f  z  Ž . Ž .z
G z  .Ž .
1 
i	 Ž . Ž . Ž .Ž .Then for some 	 we have Re e G z  0. With F z  V f z , we
want to investigate starlikeness of F; i.e., we want to find conditions such
that
zF zŽ .
Re  0, z  .
F zŽ .
Ž  	.By the Duality Principle see 10, 13 we may restrict our attention to the
Ž . Ž . Ž . Ž .    function fP  for which G z  1 xz  1 yz , x  y  1.
 	Further, it is well known from convolution theory 13, p. 94 that
1




 1z 1 zŽ .2
 h z  ,   1.Ž . 21 zŽ .
Ž .Hence, F S* if and only if  0
1
0 Fh zŽ . Ž .
z
11z1 1 1 w 1 xw h zŽ . Ž .1
  t dt 1  dw  Ž . Ž .H H11 tz  1 yw zz0 0
z 11h tz  1 1 w 1 xwŽ . Ž .1
 1   t  dt dwŽ . Ž .H H1ž /tz 1   1 ywz0 0
z 11h tz 1 1 w 1 xwŽ . Ž .1
 1   t  g t dt dwŽ . Ž . Ž .H H 1ž /tz  1 ywz0 0
11z1 1 w h tw 1 xzŽ .1
 1   t dw g t dt .Ž . Ž . Ž .H H 1 tw 1 yzz0 0
 	Using another well-known result from convolution theory 13, p. 23 we
conclude that this holds if and only if
11z1 1 w h tw 1Ž .1
Re 1   t dw g t dt .Ž . Ž . Ž .H H 1 tw 2z0 0
Ž . 1 Ž .Ž Ž ..Inserting 1 1  H  t 1 g t dt on the right-hand side we can0 
rewrite this as
1 11 1z t 1 t w h tw t 1 g tŽ . Ž . Ž .Ž .1 
Re dw dt 0.H H1 1 tw 2t z0 0
With the change of variables u tw we now get
11 1 t 1 1 u h u t 1 g tŽ . Ž . Ž .Ž .1 tz 
Re du dt 0.H H1 1 u 2t z0 0
Integrating by parts we get that this is equivalent to
h tz 1Ž .1 11Re t  t  dt
 0.Ž .H  2ž /tz0 1 tŽ .
INTEGRAL TRANSFORMS 477
4.2. Proof of Theorem 2.2. We shall omit some details here because
there are many similarities between this proof and the proof of Theorem 1
 	 Ž . Ž Ž . . Ž .2  in 4 . With h z  z 1  1 z2  1 z ,   1, we want to prove
that
h tz 1Ž .1 114.1 t  t Re  dt
 0Ž . Ž .H  2ž /tz0 1 tŽ .
 	for z . Using the same argument as in 4 we see that it is enough to
Ž .   iprove 4.1 for z  1. Let  in the expression of h be  e and
Ž . Ž .minimize Re h tz tz with respect to  . Then we see that 4.1 follows if
2 tz t 21 11t  t Re   
 0,Ž .H  2 2 2 1 tz0 1 tz 1 tŽ . Ž .
 z  1, z 1. Further calculation gives the equivalent condition
3 4 1 y t 2 4 y 1 t 2  4 y 1 t 3  t 4Ž . Ž . Ž .1Ž . 1H y  t  tŽ . Ž .H  2 220 1 t  2 yt 1 tŽ .Ž .

 0,
Ž .Ž .where yRe z. A series expansion of H y gives

kŽ . Ž .  H y  H 1 y , 1 y  2,Ž . Ž .Ý k
k0
where H Ž . can be seen to be a positive multiple ofk
1Ž . 11h˜  t  t s t dt ,Ž . Ž .Hk  k
0
where
t k1 k 1
2s t  1 2 t t .Ž .k 2 k4 ž /k 31 tŽ .
Ž . Ž .We can see that s t has one and only one zero in 0, 1 . We denote thisk
Ž . Ž .zero by t , and then we see that s t  0 if 0 t t and s t  0 ifk k k k
t  t 1. Letk
11Ž . 11h  t log s t dt ,Ž .Hk kt0
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and
 t 1Ž . k
˜ t  t  log .Ž . Ž .  log 1t tŽ .k
˜Ž . Ž . Ž . Ž .The assumption that  t log 1t is decreasing implies that  t s t  k
 0 and therefore
 tŽ .1  k11 Ž . Ž .˜ ˜0 t  t s t dt h  h .Ž . Ž .H  k k klog 1tŽ .0 k
Ž . ˜Ž . Ž .If we can prove that h 
 0 it follows that h 
 0 and further L h 
k k 
0, as desired. In Lemma 5.1 we show that hŽ12.
 0, and we will now showk
Ž . Ž12. Ž .that for 12  1 we have h 
 h . This implies that L h 
 0k k 
for 12  1.
We can write
1 11Ž .h  t log s t dt .Ž .Hk k21 tt0
With t as above, set M Ž . 1t 21
 1. Thenk k k
1 1 1t tk kŽ . Ž . Ž .I  t log s t dt
M t log s t dtM IŽ . Ž .H H1 k k k k 121 t tt0 0
1 1 11 1Ž . Ž . Ž .I  t log s t dt M t log s t dt M I .Ž . Ž .H H2 k k k k 221 t ttt tk k
Hence,
hŽ . I Ž . I Ž .
M Ž . I  I  hŽ12.
 0.Ž .k 1 2 k 1 2 k






1c 1 1Ž .





1c 1 1Ž . 1 c1 t  s log ds.Ž . H ž / 
 sŽ . t
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1 Ž . It is easily verified that t  t  0 when t 0 . Using Theorems 2.1
Ž .and 2.2 the result follows if we can prove that the function g t 




 1 1 11 c1 c1c 1 H s log ds t logŽ . Ž . Ž .tt s t
g  t  .Ž . 21 
Ž . logŽ .t
If we can prove that

1 
1 11 c1 c114.2 s log ds t log  0Ž . H ž / ž /s tt
Ž .we have g  t  0, and we are done. We see that for t 1 we have
Ž .equality in 4.2 , so the inequality holds if the left-hand side is increasing.





c1 c1 c1t log  1 1 c t log 
 t logŽ .ž / ž / ž /t t t

11 1
c1 t log 
 1 1 1 c log ,Ž .ž /t t
which clearly is greater than or equal to zero when 

 1 and c 1 1.
Ž .To prove sharpness, let fP  be the function for which
f z 1 zŽ .
1    f  z   1  .Ž . Ž . Ž .
z 1 z
Using a series expansion we see that we can write
 kz




Ž .1 ck14.3 t log dtŽ . H 
ž /t0 c kŽ .
Ž .we get from 2.5 that
 kz
4.4 F z  z 2 1  1 cŽ . Ž . Ž . Ž . Ýc , 
 




4.5 zF z  z 2 1  1 c .Ž . Ž . Ž . Ž . Ýc , 
 
c k 1   kŽ . Ž .k2
Ž . Ž .Expanding g t in 2.1 in a power series, we obtain
k 1 1 kŽ . Ž .
k4.6 g t  1 2 tŽ . Ž . Ý 1  kk1
Ž . Ž .which, when inserted into 2.4 and using 4.3 , gives
k1 1 k 1Ž . Ž .
1 2 1 cŽ . Ý 
1  c k 1 1  kŽ . Ž .k1
from which we get
k11 1 k 1Ž . Ž .
4.7  2 1 c .Ž . Ž . Ý 
1  c k 1 1  kŽ . Ž .k1
Ž .Substituting z1 into 4.5 the right-hand side becomes, after a shift in
the indices,
k1 k 1 1Ž . Ž .
1 2 1  1 c .Ž . Ž . Ý 
c k 1 1  kŽ . Ž .k1
Ž . Ž .Using 4.7 we see that this is zero, and since F 1  0, this shows thatc, 

the result is sharp.
4.4. Proof of Theorem 2.4. Let 12  1. We introduce the nota-
tion
F 1 t  F A , B ; C ; 1 t .Ž . Ž .A , B , C 2 1
With A c a, B 1 a, and C c a b 1 we can write
 cŽ . cabb1 t  t 1 t F 1 t ,Ž . Ž . Ž .A , B , C a  b  c a b 1Ž . Ž . Ž .
and we get
 cŽ .
 t Ž .  a  b  c a b 1Ž . Ž . Ž .
1 cabb11 s 1 s F 1 s ds.Ž . Ž .H A , B , C
t
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1 Ž . Again it is easily verified that t  t  0 when t 0 . Define
 tŽ .
g t  .Ž . 1log t
Ž . Ž .As in the proof of Theorem 2.3 we want to prove that g  t  0 on 0, 1 .
Differentiating we get
 c h t tŽ . Ž .
g  t  ,Ž . 21 a  b  c a b 1Ž . Ž . Ž . logŽ .t
where
1 cabb11h t  s 1 s F 1 s dsŽ . Ž . Ž .H A , B , C
t
cabb1 log 1t t 1 t F 1 t .Ž . Ž . Ž .A , B , C
Ž . Ž . Ž .Then h 1  0 and it is enough to show that h t 
 0 on 0, 1 . Using
d c a, 1 aF ; 1 t2 1 ž /c a b 1dt
c a 1 aŽ . Ž . c a 1, 2 a F ; 1 t2 1 ž /c a b 2c a b 1
we get
cab1b11h t log 1t t 1 tŽ . Ž . Ž .
1 1
  a c t b F 1 tŽ .A , B , Cž /ž / 
c a 1 aŽ . Ž .
t 1 t F 1 t .Ž . Ž .A1, B1, C1c a b 1
If we assume that 0 a 1, 0 b 1 and c
 a b we see that the
Ž .inequality below holds for t 0, 1 since the left-hand side will be positive
and the right-hand side will be negative.
c a, 1 aF ; 1 t2 1 ž /c a b 1
c a 1, 2 aF ; 1 t2 1 ž /c a b 2
c a 1 a t 1 tŽ . Ž . Ž .

 .
c a b 1 c a 1 t 1 bŽ .
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Ž . Ž .This clearly implies h t 
 0 for t 0, 1 . The proof of sharpness follows
much the same track as in the proof of Theorem 2.3. As extremal function
we again have
 kz
f z  z 2 1  .Ž . Ž . Ý 1   kk2
Let
1 cab c a, 1 abk2  t 1 t F ; 1 t dt .Ž .Hk 2 1 ž /c a b 10
Then we can write
F z H f zŽ . Ž . Ž .a , b , c
 k c  zŽ . k z 2 1 Ž . Ý
 a  b  c a b 1 1   kŽ . Ž . Ž . k2
and
 cŽ .
4.8 zF z  z 2 1 Ž . Ž . Ž .
 a  b  c a b 1Ž . Ž . Ž .
 kk zk
 .Ý 1   kk2
Ž . Ž .With g as in 4.6 we get from 2.6
1  cŽ .
4.9  2Ž .
1   a  b  c a b 1Ž . Ž . Ž .
k1 1 k 1 Ž . Ž . k1
 .Ý 1  kk2
Ž . Ž .Substituting z1 into 4.8 and using 4.9 we see, after a shift in the
Ž . Ž .indices, that the right-hand side of 4.8 becomes zero. Clearly F 1  0,
so this shows that the result is sharp.
4.5. Proof of Theorem 2.6. The idea of the proof is similar to the one
Ž .f tz1 	 Ž . Ž .used to prove Theorem 2 in 4 . Let F z  H  t dt. Then we can0 t
Ž . 1 Ž . Ž . Ž . 1 Ž . Ž .write F z  H  t f  tz dt f  z H  t dt 1 tz . The assumption0 0
Ž .that fP  means that with
1  f z z  f  z  Ž . Ž . Ž .
4.10 g z Ž . Ž .
1 
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i Ž .it is so that for some  we have Re e g z  0. Assume first that
Ž . 0. Then we get from 4.10
1 1  f zŽ .
f  z   1  g z  ,Ž . Ž . Ž .Ž .
  z
which leads to
1  tŽ .1
F z   1  g z  dtŽ . Ž . Ž .Ž . H
 1 tz0
1  f z  tŽ . Ž .1
  dtH
 z 1 tz0
1  t 1  F zŽ . Ž .1
 g z   1  dt Ž . Ž .H
 1 tz  z0
and further
F z  tŽ . Ž .1
4.11 1   F z  g z   1  dt .Ž . Ž . Ž . Ž . Ž .Hz 1 tz0
In the case  0 we just write
f zŽ .
 1  g z  Ž . Ž .
z
from which we get
F z  tŽ . Ž .1
 g z   1  dt ,Ž . Ž .Hz 1 tz0
Ž . Ž . Ž . Ž Ž . .which is 4.11 with  0. Clearly FP 	 G z  F z  	 z 
Ž . Ž . Ž .1 	 P 0 . With this function G the equality 4.11 can be written
G z  	 1   tŽ . Ž .1
1   G z  g z   dt .Ž . Ž . Ž . Hz 1 	 1 	 1 tz0
i Ž .Since Re e g z  0 for some  it follows by duality that
G zŽ .
1   G z  0Ž . Ž .
z
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if and only if
 	 1   t 1Ž .1
4.12 Re  dt  , z  .Ž . H1 	 1 	 1 tz 20
Ž . Ž . Ž .Using Re 1 1 tz  1 1 t we get that the left-hand side of 4.12 is
greater than
1   	  tŽ .1
 dt .H1 	 1  1 t0
Ž . Ž .Using the definition of  1  in 2.7 we get after some computation
 1 	 2  tŽ . Ž .1
 dtH1  1 t0
from which we get
 	  t 1 1 	Ž .1
 dt ,H1  1 t 2 1 0
Ž . Ž .which shows that 4.12 holds. Further, if 4.12 holds we deduce, using
Ž . Ž . Ž .duality, that 1  G z z G z is contained in a half plane not
Ž . Ž .containing the origin, which means that GP 0 , and hence FP 	 . 
To prove sharpness we take, as in the proof of Theorem 2.3,
 kz
f z  z 2 1  .Ž . Ž . Ý 1   kk2
Then we can write
 k zk
F z  V f z  z 2 1  ,Ž . Ž . Ž . Ž . Ý 1   kk2
1 Ž . k1 Ž .where   H  t t dt. With this notation we get from 2.7 thatk 0
1  1 	1
 1   t 1 t dt 1 tŽ . Ž .H ž /1  1  1 	0
1 	1
1  t 1 t dt 1 tŽ . Ž .H ž /1 	0
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and
1 2  t t dtŽ .1
 H1  1 	 1 t0
2 k 1  .Ž .Ý k1 	 k2
We see that
F zŽ .
k11   F z  1 2 1   z ,Ž . Ž . Ž . Ý kz k2
which for z1 takes the value
 1 	k1 2 1  1   1 2 1   	 .Ž . Ž . Ž .Ý k 2 1 Ž .k2
This shows that the result is sharp.
Ž .4.6. Proof of Theorem 2.7. With 
 1 and c 1   we see,
Ž . Ž .using 4.3 , that the Komatu operator applied to the function f z  z
Ý a z k can be writtenk2 k
 ka zk
F z  z ,Ž . Ý 1  kk2
which gives
F z f zŽ . Ž .
k11   F z  1 a z  .Ž . Ž . Ý kz zk2
The result now follows directly from Theorem 2.6.
5. A TECHNICAL LEMMA
LEMMA 5.1. Let
11
h  t log s t dt ,Ž .Hk kt0
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where
t k1 k 1
2s t  1 2 t t .Ž .k 2 k4 ž /k 31 tŽ .
Then h 
 0 for k 1, 2, . . . .k
Proof. With
t kn1Žk .J  log dtHn 2 k4
0 1 tŽ .
we can write
k 1
Žk . Žk . Žk .h  J  2 J  J .k 2 3 4k 3
 	From 12 we have the recursion formula
k n 1
Žk . Žk . Žk .5.1 J  J  I , k 3 n ,Ž . n n1 n1k 3 n k 3 n
where
t kn1Žk .I  dt .Hn 2 k3
0 1 tŽ .
 	 Žk .In 12 we also find a recursion formula for I ,n
1 k n
Žk . Žk .5.2 I   I , k 2 n.Ž . n n12 k2 k 2 nk 2 n 2Ž .
Ž . Ž .Using 5.1 and 5.2 we get, after some calculation, that for k
 2,
k 4  4k 3  11k 2  22k 6
h k 22 2 k2k 1 k k 1 k 3 2Ž . Ž . Ž .
2k 3  22k 4 2
Žk . Žk . I  J .0 02 kk 1 k k 1 k 3Ž . Ž . Ž .
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 	To complete the proof we apply the same technique as in 12 . With the
change of variable tu 1 we can write
k 4  4k 3  11k 2  22k 6
h k 22 2 k2k 1 k k 1 k 3 2Ž . Ž . Ž .
3

k12k  22k 4 u
 duH2 2 k3k 1 k k 1 k 3Ž . Ž . Ž . 1 1 uŽ .

k22 log u uŽ .
 du.H 2 k4k 1 1 uŽ .
ŽThe second integral above can be written we omit some details since the
 	.calculations are very similar to those in 12 :
Ž . 2 k3k2
 log u u 1 uŽ . Ž .
k2du log u u d Ž .H H2 k4 ž /2k 31 11 uŽ .

k11 u
 duH 2 k32k 3 1 1 uŽ .

k1k 2 log u uŽ .
 duH 2 k32k 3 1 1 uŽ .
 L  L .3 4
2 Ž .Writing h  L  L  L  L we getk 1 2 3 4k
2 2k 3  22k 4 2
L  L  2 3 2ž /k k 2k 3k 1 k k 1 k 3 Ž .Ž . Ž . Ž .

k1u
 duH 2 k3
1 1 uŽ .
4 2

k12k  42k  68k 12 u
 du.H2 2 k3k 1 k k 1 k 3 2k 3Ž . Ž . Ž . Ž . 1 1 uŽ .
The polynomial 2k 4  42k 2  68k 12 is seen to be positive for k
 6.
 	In 12 it is shown that

k1k 2 log u u 2 k 2 1Ž . Ž .
L  du ,H4 2 k3 2 2 k32k 3 21 1 u 2k 3Ž . Ž .
KIM AND RøNNING488
which means that
2 k 2  4k 3  11k 2  22k 6 2 k 2 1Ž .
L  L   .1 4 2 2 2 k22 2 k2k 2k 1 k k 1 k 3 2 k 2k 3Ž . Ž . Ž . Ž .
2From this we find, after some computation, that L  L  0 if and only1 4k
if
2k6  16k 5  81k 4  256k 3  409k 2  282k 54 0.
2Hence, L  L  0 for all k. We have now proved that h  0 for1 4 kk
k
 6, and by direct computation we find
233 7 log 2
h    0.00010682 . . .1 960 20
667 log 2
h    0.0000156618 . . .2 100800 105
2669 log 2
h    0.000002519 . . .3 2903040 756
12457 log 2
h    0.0000004324 . . .4 82790400 4620
597941 log 2
h    0.00000007784 . . . .5 22140518400 25740
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